Abstract. Out of the eight possible Pin groups that can be used to describe the transformation behaviour of fermions under parity and time reversal, we show that only two are compatible with general relativity.
Introduction
For bosons, the space-time transformation behaviour is governed by the Lorentz group O(3, 1), which comprises four connected components. Rotations and boosts are contained in the connected component of unity, the proper orthochronous Lorentz group SO ↑ (3, 1). Parity (P ) and time reversal (T ) are encoded in the other three connected components of the Lorentz group, the translates of SO ↑ (3, 1) by P , T and P T . For fermions, the space-time transformation behaviour is governed by a double cover of O (3, 1) . Rotations and boosts are described by the unique simply connected double cover of SO ↑ (3, 1), the spin group Spin ↑ (3, 1). However, in order to account for parity and time reversal, one needs to extend this cover from SO ↑ (3, 1) to the full Lorentz group O(3, 1). This extension is by no means unique. There are no less than eight distinct double covers of O(3, 1) that agree with Spin ↑ (3, 1) over SO ↑ (3, 1) . They are the Pin groups Pin abc , characterised by the property that the elements Λ P and Λ T covering P and T satisfy Λ 2 P = −a, Λ 2 T = b and (Λ P Λ T ) 2 = −c, where a, b and c are either 1 or −1 (cf. [5, 3] ).
In this paper, we show that the consistent description of fermions in the presence of General Relativity (GR) imposes severe restrictions on the choice of Pin group. In fact, we find that only two of the eight Pin groups are admissible: the group Pin + = Pin ++− and the group Pin − = Pin −−− . Selecting the correct Pin groups is important from a fundamental point of view -it determines the transformation behaviour of fermionic field theories under reflections -but also because the Pin group can affect observable quantities such as currents [2, 18, 17] . Due to their transparent definition in terms of Clifford algebras, the Cliffordian Pin groups Pin(3, 1) = Pin +−+ and Pin(1, 3) = Pin −++ have attracted much attention [8, 2, 14, 16, 7] . Remarkably, the two Pin groups Pin + and Pin − that are compatible with GR are not the widely used Cliffordian Pin groups Pin (3, 1) and Pin(1, 3).
The lorentzian metric
The fundamental quantity in GR is a Lorentzian metric g on the fourdimensional space-time manifold M . One way to express this metric is by assigning to each point x ∈ M a nondegenerate, symmetric, bilinear form g µν (x) of signature (3, 1) on the tangent space T x M . However, in order to consistently describe fermions in the presence of GR, it will be more convenient to use the frame or vierbein formalism.
A frame e x based at x is a basis e µ a ∂ µ of the tangent space T x M , with basis vectors labelled by a = 0, 1, 2, 3. The space F (M ) of all frames (with arbitrary x) is called the frame bundle, and we denote by F x (M ) the set of frames with base point x. Note that the group Gl(4, R) of invertible 4 × 4 matrices A a b acts from the right on F x (M ), sending e x to the frame e ′ x = e x A with e 
. This is the set of equivalence classes [e x ] of frames at x, where two frames e x and e ′ x are deemed equivalent if they differ by a Lorentz transformation Λ, e ′ x = e x Λ. We denote the bundle of all equivalence classes [e x ] (with arbitrary x) by R(M ).
To describe fermions in the presence of GR, it will be convenient to view a metric g on M as a section of R(M ); a smooth map g : M → R(M ) that takes a point x to an equivalence class [e x ] of frames at x. The configuration space 1 of general relativity can thus be seen as the space Γ(R(M )) of sections of the bundle R(M ).
Fermionic fields in a fixed background
We start by describing fermionic fields on M in the presence of a fixed background metric g. In order to do this, a number of choices have to be made, especially if we wish to keep track of the transformation behaviour of spinors under parity and time reversal.
The local transformation behaviour is fixed by choosing one out of the eight possible Pin groups Pin abc , together with a (not necessarily C-linear) representation V that extends the spinor representation of Spin ↑ (3, 1) ⊂ Pin abc . In the case of Dirac fermions with abc = −1, one can take V = C 4 as usual. 1 In first order formalisms such as the Palatini approach, one considers the bigger configuration space of metrics g together with a connection ∇. This amounts to replacing R(M ) by
Once a Pin group has been selected, the second choice one has to make is a choice of Pin structure. A Pin structure is a twofold cover u : Q g → O g (M ) of the orthonormal frame bundle, equipped with a Pin abc -action that is compatible with the action of the Lorentz group on O g (M ). The compatibility entails that ifΛ ∈ Pin abc covers Λ ∈ O(3, 1), then u(q xΛ ) = u(q x )Λ for all pin frames q x in Q g . A pin frame q x is based at the same point as its image, the frame u(q x ). We denote by Q g x the set of pin frames based at x. For a given manifold M and a given Pin group Pin abc , a Pin structure may or may not exist, and if it does, it need not be unique. The obstruction theory for this problem has been completely solved for the Cliffordian Pin groups in [12] , and for the general case in [3] .
Once a Pin structure Q g has been chosen, one can construct the associated bundle
abc . For a given background metric g, the fermionic fields are then described by sections of the spinor bundle S g , that is, by smooth maps ψ : M → S g that assign to each space-time point x a spinor ψ x based at x. The configuration space for the fermionic fields at a fixed metric g is thus the space Γ(S g ) of sections of the spinor bundle S g .
Fermionic fields coupled to GR
We now wish to describe the configuration space for fermionic fields coupled to gravity. This is not simply the product of the configuration space of general relativity and that of a fermionic field; the main difficulty here is that the very space S g where the spinor field ψ takes values depends on the metric g. A solution to this problem was proposed in [1] for the Riemannian case, and in [9, 11, 15] for metrics of Lorentzian signature. In order to handle reflections, we need to adapt this procedure as follows.
First, we choose a twofold cover of Gl(4, R) that agrees with the universal cover Gl + (4, R) over Gl + (4, R). There are only two such covers, which, for want of a better name, we shall denote by Gin + and Gin − . We denote the twofold cover of O(3, 1) inside Gin ± by Pin ± . Having made our choice of Gin ± , we choose what one may call a Gin structure; a twofold cover u :Q → F (M ) with a Gin ± -action that is compatible with the Gl(4, R)-action on F (M ). The compatibility entails that ifÃ ∈ Gin ± covers A ∈ Gl(4, R), then u(q xÃ ) = u(q x )A for all 'gin frames'q x inQ.
Choosing a Gin structureQ for the group Gin ± is equivalent to choosing a Pin structure Q g for the group Pin ± . Indeed, for every Gin ± structureQ, the preimage of O g (M ) under the map u :Q → F (M ) is a Pin ± -structure. Conversely, every Pin ± -structure u :
gives rise to the associated Gin ± -structureQ = (Q g × Gin ± )/Pin ± . This is the space of equivalence classes [q x ,Ã], where (q xΛ ,Ã) is identified with (q x ,ΛÃ) for everyΛ in Pin ± . The obstruction theory for Gin ± -structures therefore reduces to the obstruction theory for Pin ± -structures, which has been worked out in [3] . Using the Gin structureQ, one can construct the universal spinor bundle Σ = (Q × V )/Pin ± . A universal spinor Ψ x = [q x , v] at x is an equivalence class of a gin frameq x ∈Q x and a vector v ∈ V , where (q xΛ , v) is identified with (q x ,Λ v) for every elementΛ of Pin ± . Note that a universal spinor Ψ x in Σ = (Q × V )/Pin ± defines a metric g µν at x, together with a spinor ψ x in the spinor bundle S g = (Q g × V )/Pin ± that corresponds with the metric g µν induced by Ψ x .
Indeed, since the covering map u :Q → F (M ) is compatible with the Gl(4, R)-action, it identifies the quotient ofQ by Pin ± with the quotient of F (M ) by O(3, 1), i.e., with the orbit space R(M ). From a universal spinor Ψ x = [q x , v] at x, we thus obtain an equivalence class [u(q x )] in R x (M ), and hence a metric g µν at the point x.
To obtain not only the metric g µν but also the spinor ψ x , recall that the Pin structure Q g corresponding to g µν is the preimage of O g (M ) under the double cover u :Q → F (M ). Since Q g ⊆Q contains the gin frameq x , the equivalence class
± by setting q x =q x . Here, S g x is the spinor bundle derived from the metric g µν that is induced by Ψ x at x.
We conclude that both the metric g and the fermionic field ψ are described by a single section Ψ : M → Σ, a smooth map assigning to each point x of spacetime a universal spinor Ψ x based at x. The configuration space of fermionic fields coupled to gravity is thus the space Γ(Σ) of sections of the universal spinor bundle Σ.
Transformation under diffeomorphisms
An important feature of this description is that infinitesimally, the group of space-time diffeomorphisms acts naturally on the universal spinor fields Ψ.
Indeed, for every diffeomorphism φ : M → M , the derivative Dφ maps the frames F x (M ) at x to the frames F φ(x) (M ) at φ(x). A one-parameter family φ ε of diffeomorphisms of M thus yields a one-parameter family Dφ ε of automorphisms of the frame bundle F (M ). Note that if φ ε is the identity for ε = 0, then also Dφ ε is the identity at ε = 0. Since the Gin structure u :Q → F (M ) is a double cover, there exist two lifts of Dφ ε from F (M ) toQ, and we denote by D φ ε the one which reduces to the identity at ε = 0. On the universal spinor bundle Σ =Q×V /Pin ± , we define the lift by To establish that c = −1, note that although the central element P T = diag(−1, −1, −1, −1) does not lie in the connected component of unity for the Lorentz group O(3, 1), it does lie in the connected subgroup SO(4) of Gl + (4, R). As the inverse image of SO(4) under the universal cover Gl + (4, R) → Gl + (4, R) is its universal cover Spin ↑ (4), the square of Λ P Λ T inside Gl + (4, R) equals its square in Spin ↑ (4). Here, the elements ±iγ 5 = ∓γ 0 γ 1 γ 2 γ 3 that cover P T square to +1, as one easily derives using the Clifford relations {γ µ , γ ν } = 2δ µν for the Euclidean gamma matrices γ µ . It follows that (Λ P Λ T ) 2 = 1, and hence c = −1. To show that a = b, note that the restriction of the automorphism Ad Λ T of Gl + (4, R) to the simply connected subgroup Spin ↑ (4) ⊂ Gl + (4, R) is uniquely determined by its induced Lie algebra automorphism. On Spin ↑ (4), we thus have Ad Λ T (u) = γ 0 uγ
As we already established that (Λ P Λ T ) 2 = 1, it follows that Λ 2 P Λ 2 T = −1, and hence that a = −Λ 2 P is equal to b = Λ 2 T . The Cliffordian Pin groups Pin(3, 1) and Pin (1, 3) are generated by the Clifford elements v µγ µ with η µν v µ v ν = ±1, where the Lorentzian gamma matricesγ µ satisfy {γ µ ,γ ν } = 2η µν for Pin (3, 1) , and {γ µ ,γ ν } = −2η µν for Pin (1, 3) . Since the group elements covering P and T are Λ P =γ 1γ2γ3 and Λ T =γ 0 , one readily verifies that (a, b, c) = (+, −, +) for Pin (3, 1) , and that (a, b, c) = (−, +, +) for Pin(1, 3) (cf. [5, 3] ).
In particular, we conclude that the two Pin groups Pin ± compatible with GR are not the widely used Cliffordian Pin groups Pin(3, 1) and Pin(1, 3).
Discussion
The conclusion that only two of the eight Pin groups are compatible with general relativity, appears to be quite robust. It is based on the elementary fact that the twofold spin cover of the orthonormal frame bundle O g (M ) has to be compatible with a twofold cover of the full frame bundle F (M ). Although we derived this fact from the setting outlined in §4 (going back to [1] in the Riemannian and [9, 11, 15] in the Lorentzian case), the use of double covers of the full frame bundle -and hence our conclusion that only two Pin groups are admissible -is common to many other approaches, such as the more 'global' formalism developped in [4, 5, 6] . This is not a mere coincidence. Finding an (infinitesimal) action of the group of space-time diffeomorphisms on the configuration space has been an important driving force in formulating fermionic fields coupled to GR. One can show [9, 10] that any principal bundle with an infinitesimal action of the space-time diffeomorphism group is necessarily associated to a discrete cover of a (higher order) frame bundle. Therefore, covers of the full frame bundle F (M ) are bound to occur in formulations of fermionic fields coupled to GR, and our result on the Pin groups Pin ± is not likely to be an artefact of the particular description that we have adopted.
